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Abstract: The UV finiteness found in calculations of the 4-point amplitude in N = 5
supergravity at loop order L = 3, 4 has not been explained, which motivates our study of the
relevant superspace invariants and on-shell superamplitudes for both N = 5 and N = 6. The
local 4-point superinvariants for L = 3, 4 are expected to have nonlinear completions whose 6-
point amplitudes have non-vanishing SSL’s (soft scalar limits), violating the behavior required
of Goldstone bosons. For N = 5, we find at L = 3 that local 6-point superinvariant and
superamplitudes, which might cancel these SSL’s, do not exist. This rules out the candidate
4-point counterterm and thus gives a plausible explanation of the observed L = 3 finiteness.
However, at L = 4 we construct a local 6-point superinvariant with non-vanishing SSL’s, so
the SSL argument does not explain the observed L = 4 N = 5 UV finiteness. For N = 6
supergravity there are no 6-point invariants at either L = 3 or 4, so the SSL argument predicts
UV finiteness.
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1 Introduction
The ultraviolet properties of supergravity theories in 4 spacetime dimensions have been ex-
plored since the theories were first discovered in 1976. Most attention has focused on the
maximal N = 8 theory [1], [2]. Candidate counterterms (CT) were proposed long ago [3–5].
A series of difficult, intricate calculations has shown that the 4-point graviton scattering am-
plitude is finite at loop level L = 3, 4 [6, 7]. Results suggested that the critical dimension at
which ultraviolet divergences first occur is the same as that of the N = 4 SYM theory, namely
D = 4 + 6/L. Recently, however, a 5-loop calculation [8] indicates that the amplitude first
diverges at critical dimension D = 24/5. Theoretical approaches based on both linearized
superspace invariants [9, 10] and local superamplitudes [11–13] agree that the conventional
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symmetries of supergravity allow candidate counterterms (in integer dimension D = 4) be-
ginning at L = 7 loops. One must hope for new mechanisms of enhanced cancellation which
apply beyond the 7-loop barrier if the theory is to be finite to all orders.
Although calculational techniques have vastly improved in the course of the program
which led to the 5-loop work, 7 loops is a formidable challenge. Therefore the N = 4 and
N = 5 supergravities have been studied. These theories are expected to diverge first at
loop level L = N − 1, so one has the opportunity to search for unexpected cancellations
in a simpler setting than in N = 8. The calculations in [14] have shown that the 4-point
superamplitude in N = 5 supergravity [15], [16] is finite at 3- and 4-loop order. It was also
recently established in [17], that N ≥ 5 models, as opposite to N < 5 [18], do not have 1-
loop anomalous amplitudes. The question is whether conventional symmetries explain these
results or whether there are new mechanisms at work.
The unexplained UV finiteness in L = 3, 4 N = 5 supergravity stimulated a recent study
of whether it is possible to deform the classical action to compensate UV divergences [19].
The analysis was found to be consistent with a restricted version of duality symmetry taken
at the base point of the moduli space, but it was difficult to establish that the deformed
action has a supersymmetric embedding. In this sense the analysis in [19] is inconclusive.
In this paper we investigate to what extent the UV finiteness in L = 3, 4 N = 5 super-
gravity can be explained by the soft scalar limit of amplitudes produced by candidate CTs.
This approach was very useful for N = 8 supergravity [12, 13, 20, 21]. It incorporates as
an essential element the fact that the scalar fields of extended supergravities are the coor-
dinates of a GH manifold (E7(7)/SU(8) in the N = 8 theory and SU(5, 1)/(SU(5) × U(1))
for N = 5). The scalars are Goldstone bosons of the non-linearly realized symmetry, so
amplitudes must vanish as the momentum of any scalar approaches pµ → 0. Restrictions on
allowed counterterms are obtained by enforcing this requirement.
These restrictions are obtained as follows. The N = 5, 6, 8 supergravity theories each
possess ∂2kR4 supersymmetric invariants1 for all k ≥ 0. These are candidate counterterms
for the graviton scattering amplitude at loop level L = k + 3. If the divergence represented
by a counterterm is actually present in the amplitude, the counterterm must be added to the
Lagrangian in a supersymmetric fashion.
Once added, the counterterm induces a nonlinear and non-local supersymmetric comple-
tion. This is very difficult to calculate using field theory techniques, but in the N = 8 theory,
the answer for the soft limit of its NMHV 4-graviton, 2-scalar matrix elements 〈φ¯ φ++−−〉
was extracted from tree level closed string theory amplitudes at 3-loop [12, 20] and then 5-
and 6-loop [12, 13, 21] order. Their soft limits do not vanish, and there are no φ2∂2kR4
1Their superfield description is discussed in Sec. 2 below. Exceptionally for N = 8, k = 1, the 4-loop
invariant vanishes; its would-be contribution to the scattering amplitude carries the factor s+ t+ u = 0.
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counterterms which might cancel them, so the k = 0, 2, 3 quartic invariants are ruled out.
There are 6-point invariants with non-vanishing soft limits beginning at 7-loop level, so this
line of argument suggests that N = 8 supergravity might diverge beginning at this order.
In this paper we are concerned with the implications of soft scalar limits (SSLs) for the
ultraviolet behavior of N = 5, 6 supergravity. String theory cannot be applied to obtain
the soft limits of the supersymmetric completion of the quartic invariants in these theories,
but it is reasonable to assume that they do not vanish. So our principal goal is to study
6-point NMHV superspace invariants and the corresponding superamplitudes that contain
φ2R4 component amplitudes which potentially cancel the soft limits. An understanding of
UV finiteness of N = 5 at L = 4 might shed some light on what to expect in the related case
of N = 8 at L = 7; in both theories we study the case of L = N − 1 loop order.
Our 6-point invariants are constructed as full superspace integrals of dimensionless su-
perfields W (x, θ, θ¯) [3–5], whose lowest components are scalar fields φ(x). The W superfields
are connected by a chain of Bianchi identities to chiral superfields recently studied in [17].
Chiral superfields are not directly relevant to the question of non-vanishing SSLs since they
contain scalar fields covered by derivatives. Thus soft limits vanish.
One feature of our work is the emphasis on the correspondence between superspace invari-
ants and superamplitudes. Both approaches incorporate the linearized (i.e. free field) SUSY
transformations between the component particle states of the theory. At the operational level
they look very different, yet they produce the same physical results.
In Sec. 2 we discuss the 4-point superspace invariants of N = 5, 6, 8 supergravities at loop
level L = 3, 4. Although fully supersymmetric, they are expressed as integrals over suitably
restricted subsets of the full superspace of 4N θ’s. In Sec. 3 we describe the general structure
of the 6-point L ≥ N − 1 superspace invariants with full details of the θ-expansion in the
case N = 5, L = 4. In Sec. 4 we discuss the duality symmetries of N ≥ 5 supergravity.
These dualities act via shift symmetries of the scalar fields of the theories, and we extend
these symmetries to superfields. The 6-point invariants violate shift symmetry indicating that
their scalar amplitudes have non-vanishing SSLs. In Sec. 5 we discuss superamplitudes for
N = 5 and N = 6. A brief summary follows in Sec. 6. Further details on superampliutudes
are in Appendices A and B.
Let’s state our main results concerning UV divergences.
The N = 5 supergravity has no 6-point 3-loop counterterm so the expected non-vanishing
SSL from the nonlinear completion of its R4 invariant cannot be cancelled. This gives a post
hoc explanation of the observed finiteness.
At the 4-loop level there are both ∂2R4 and φ2R4 invariants, the latter with non-vanishing
SSL. We cannot say whether this SSL cancels between the 6-point invariant and the nonlinear
completion of the 4-point. Therefore an explanation ofN = 5, L = 4 UV finiteness, discovered
– 4 –
in [14], is still absent.
In the N = 6 theory there are 4-point candidate UV divergences starting from L ≥ 3.
The 6-point 3- and 4-loop candidate counterterms are absent, they start at L = 5 level. Thus
we predict UV finiteness for both L = 3, 4. At N = 6, L = 5 the situation is unclear, as it is
in N = 8, L = 7 and N = 5, L = 4.
2 Candidate 4-point Counterterms in N ≥ 5 Supergravities
All linearized chiral superfields of N = 5, 6, 8 supergravities of dimension 1/2, 1, 2 are de-
scribed in [17]. Their scalar components are covered by derivatives which means that invari-
ants formed from them have vanishing SSL’s. In this paper we feature linearized superfields
of dimension 0, generically called W (x, θ, θ¯). Their lowest θ components are scalar fields with-
out derivatives. Therefore the corresponding superspace invariants may have non-vanishing
SSL’s. The W fields are not chiral, but they are related to the chiral superfields by chains of
Bianchi identities given in [17].
In N = 8 we use the superfield W abcd(x, θ) which satisfies the conditions derived in [22].
Here we use notation in [17]
W abcd =
1
4!
ǫabcdefghWefgh, (2.1)
Dα
aWbcde = 4δ
a
[bχcde]α, (2.2)
D¯α˙aWbcde =
1
3!
ǫabcdefghχ¯
fgh
α˙ . (2.3)
In N = 6 we work with Wab78 =Wab which satisfies
Wab =
1
4!
ǫabcdefW
cdef , (2.4)
Dα
aWbc = 2δ
a
[bχc]α, (2.5)
Dα˙aWbc =
1
3!
ǫabcdef λ¯
def
α˙ . (2.6)
Finally, in N = 5 we have a superfield Wa678 =Wa that satisfies the conditions
W a =
1
4!
ǫabcdeWbcde, (2.7)
Dα
aWb = δ
a
bχα, (2.8)
D¯α˙aWb = −
1
3!
ǫabcdeλ¯
cde
α˙ . (2.9)
The Dα and Dα˙ conditions above are part of the chain of Bianchi identities of [17].
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2.1 3-loop 4-point local superinvariants
The 3-loop 4-point candidate UV divergences furnish a supersymmetric version of the R4
CT. For N = 8 it was proposed in [3] in a form which was manifestly supersymmetric
but not manifestly SU(8) invariant; it was only SU1(4) × SU2(4) invariant. We have split
a = I = 1, 2, 3, 4, J = 5, 6, 7, 8. It was observed there that there is a basis xˆ(x, θI , θ¯
J) where
the superfield with lower indices taking values in I is equal to the superfield with upper indices
taking values in J , and depends only on 16 Grassmann variables θI=1,2,3,4 and on θ¯
J=5,6,7,8
W1234(xˆ, θI , θ¯
J) =W 5678(xˆ, θI , θ¯
J) ≡W (xˆ, θI , θ¯
J). (2.10)
Therefore the integral over these 16 θ’s is a superinvariant
CTN=8L=3 = κ
4
∫
d4x d8θId
8θ¯J W 4(xˆ, θI , θ¯
J) = κ4
∫
d4xCαβγδ(x)C
αβγδ(x)C¯
α˙β˙γ˙δ˙
(x)C¯ α˙β˙γ˙δ˙(x)+· · · .
(2.11)
Here Cαβγδ(x) is the symmetric multi-spinor form of the Weyl tensor.
An improved version of this CT with manifest SU(8) symmetry was proposed in [5]. The
expression in [5] was given in a form universal for all N , where the measure of integration
as well as the kernel are both SU(N ) tensors. The kernel depends on a spinor superfield
χαabc(x, θ, θ¯) whose first component field is a spin 1/2 field, χ
α
abc(x). The universal 3-loop
candidate CT [5] is
CTN≥4L=3 = κ
4
∫
d4xDa1b1,a2,b2,a3,b3D¯c1,d1,c2,d2,c3,d3K
c1,d1,c2,d2,c3,d3
a1b1,a2,b2,a3,b3
(2.12)
where the kernel is a product of 4 superfields of dimension 1/2.
Kc1,d1,c2,d2,c3,d3a1b1,a2,b2,a3,b3 = χ
α
a1a2a3
(x, θ, θ¯)χb1b2b3α(x, θ, θ¯)χ¯
c1c2c3
α˙ (x, θ, θ¯)χ¯
d1d2d3α˙(x, θ, θ¯)+symmetrizations.
(2.13)
This expression has manifest SU(N ) invariance2. To prove its supersymmetry requires use
of the Bianchi Identities shown in the previous section, starting with (2.1). The measure of
integration for any N has dimension −4+6, and the kernel has dimension +2. Multiplication
by κ4 produces a dimensionless supersymmetric and SU(N ) invariant which we identify as a
3-loop CT for all N . For N = 8, this form of the counterterm agrees with (2.11).
An attempt to use the same construction to produce a 6-point local 3-loop CT fails. This
can be seen follows, in N = 8 case. The 6-point superinvariant of the required dimension can
only depend on same type of a superfield, which depends on θI=1,2,3,4 and on θ¯
J=5,6,7,8 and
has the form CTN=8L=3 = κ
4
∫
d4x d8θId
8θ¯J (W (xˆ, θI , θ¯
J))6. The first term here is now given
by the following expression, κ4
∫
d4xC2C¯2(W1234)
2. Thus, the 6-point superinvariant breaks
SU(N ). Alternatively, one finds that a proof of supersymmetry in [5] for the manifestly
invariant 4-point counterterm does not extend to 6-point generalizations.
2See [23] for 4-point counterterms derived from harmonic superspace.
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2.2 4-loop 4-point local superinvariants
To make a 4-loop candidate which is a supersymmetric extension of ∂2R4, we can start with
the 3-loop form in (2.12) and raise the dimension of the integrand. This means that we insert
two space-time derivatives acting on the superfields. In the N = 8 case it is easier to visualize
in the form (2.11) where we obtain
CTN=8L=4 = κ
4
∫
d4x d8θId
8θ¯J
(
∂µW
2(xˆ, θI , θ¯
J)
)2
. (2.14)
This vanishes on shell, as is easy to see in momentum space, where
CTN=8L=4 = κ
6
∫
d8θId
8θ¯J (s + t+ u)W (p1, θI , θ¯
J)W (p2, θI , θ¯
J)W (p3, θI , θ¯
J)W (p4, θI , θ¯
J) = 0.
(2.15)
In N = 5 the candidate L = 4 CT was given [17] as a chiral superspace integral
CTN=5L=4 = κ
6
∫
d4x d10θ χ¯α˙(x, θ)χ¯α˙(x, θ)C¯α˙β˙γ˙δ˙(x, θ)C¯
α˙β˙γ˙δ˙(x, θ). (2.16)
This integrand has a very different structure, not of the form (∂W 2)2, so the previous s+t+u
argument does not apply to N = 5. The candidate CT in eq. (2.16) remains a candidate for
the 4-loop UV divergence.
One might try to produce a 4-loop counterterm by raising the universal form of the 3-loop
counterterm in (2.12), (2.13). However the integrand of (2.13) contains the product of two
χα and two χ¯α˙ superfields, so the stu symmetry cannot be used for any value of N .
At loop level L = 4 in N = 6 supergravity, the local ∂2R4 counterterm can be given by
an insertion of two derivatives in the N = 6 version of expression in (2.13). We will see later,
in Sec. 5 that there is also a related superampliutde.
3 6-point L ≥ N − 1 local NMHV superinvariants in N ≥ 5 supergravities
The 5-point local superinvariants, start from L = N loop order, i.e. L = 5, N = 5 and
L = 6, N = 6 and L = 8, N = 8, and their SSL’s vanish. Therefore, for the purpose of our
investigation we proceed directly to 6-point candidate CT’s, which start at order L = N − 1
and have non-vanishing SSL’s.
An L-loop full superspace counterterm in N -extended supergravity takes the form:
SCT = κ
2(L−1)
∫
d4x d2N θ d2N θ¯L[2(L+1−N )](x, θ, θ¯). (3.1)
In general, the Lagrangian L[2(L+1−N )] is a (composite) local superfield of mass dimension
2(L + 1 − N ). Locality requires non-negative dimension, hence L ≥ N − 1. We look first
at the case L = N − 1 in which L[2(L+1−N )] = L[0] is dimensionless. At lower loop level a
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full superspace invariant would be non-local. For example, no local 6-point L = 3, N = 5
superinvariants are available.
Each L0 is a 6th order product of dimensionless elementary superfields whose lowest θ
components are the scalar fields of the theory. Indeed, these are the antisymmetric SU(N )
tensors of rank N − 4 described in Sec. 2. We deal throughout this paper with linearized
on-shell superfields. Their θ expansions encode the SUSY transformation rules of the on-
shell components of the free fields of the theory. These are defined as spinor and symmetric
multispinor spinors, e.g. χα, χ¯α˙ for helicity ±
1
2 and Fαβ , F¯α˙β˙ for helicity ±1, etc.
In N = 8 for the 6-point superamplitudes we have
κ12
∫
d32 θd4xTr
(
(WW¯ )3
)
, κ12
∫
d32 θd4x (TrWW¯ )3 (3.2)
which has a 4-graviton-2-scalar amplitude, a partner of D4R6. The corresponding NMHV
6-point local manifestly supersymmetric amplitudes are given in [13, 21].
In N = 6 we have
κ8
∫
d24 θd4xTr
(
(WW¯ )3
)
, κ8
∫
d24 θd4x (TrWW¯ )3 (3.3)
which has a 4-graviton-2-scalar amplitude, a partner of R6.
In N = 5 there is a single local 6-point invariant
κ6
∫
d20θ d4x (TrWW¯ )3 . (3.4)
There is no 6-graviton amplitude here, as opposed to N = 8, 6. The reason is that in the
scalar superfield Wa, the C, C¯ multi-spinors appear multiplied by at least 4 θ’s. Therefore 6
gravitons require 24 θ’s in the measure of integration. These are available in N = 8, 6 but
not in N = 5, where we have only 20 θ’s. Another way to see this is by dimension counting;
there is no local term
∫
d4xR6 at the κ6 order (nor is there a local ψ2R4 component, since
the gravitino field ψαβγ has dimension 3/2).
The invariant (3.4) contains the 2-scalar, 4-graviton amplitude
κ6
∫
d4x ∂ǫǫ˙
(
φa(x)Cαβγδ(x)C
αβγδ(x)
)
∂ǫǫ˙
(
φ¯a(x)C¯α˙β˙γ˙δ˙(x)C¯
α˙β˙γ˙δ˙(x)
)
+ · · · . (3.5)
The specific deployment of derivatives is taken from the corresponding NMHV superamplitude
in Sec. 5. The 6-scalar component amplitude is
κ6
∫
d4x
(
φ(a(x)φb(x)φc)(x)
)
✷
5
(
φ¯a(x)φ¯b(x)φ¯c(x)
)
. (3.6)
Note that the amplitudes in eq. (3.5) and (3.6) have non-vanishing SSL. We will explain in
Sec. 4 why all superinvariants in (3.2), (3.3), (3.4) have non-vanishing SSL.
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3.1 Details in N = 5, L = 4 case
Let us convey here the essential ideas of the derivation of the N = 5 superfield Wa(x, θ, θ¯)
from superspace Bianchi identities. The particle states of the N = 8 theory comprise a single
(self-conjugate) multiplet of the superalgebra OSp(8|4). Its helicity states span the range
2, 3/2, . . . ,−3/2,−2. For N < 8, there are two conjugate multiplets of OSp(N|4), one con-
taining helicities 2, 3/2, . . . , 0, · · ·−(N−4)/2 and the other the antiparticles. The positive he-
licity states are described by the (multi-) component spinor fields Cαβγδ, ψ
a
αβγ , F
ab
αβ , λ
abc
α , φ
abcd, χ¯abcdeα˙ .
One uses the 5-dimensional Levi-Civita symbol to lower SU(5) indices, e.g. Fαβ ab = ǫabcdeF
cde
αβ /3!,
while two-component spinor indices are raised by ǫαβ .
With account of the superspace constraints in (2.7)-(2.9) one finds that there is a super-
field χβ which is anti-chiral and an SU(5) singlet. It was presented in [17] earlier. In the
anti-chiral basis, in which Daα = ∂/∂θ
α
a and the spacetime coordinate is y¯
αα˙ = xαα˙− 12θ
α
a θ¯
α˙ a,
we can write its θ¯ expansion in the form
χα(y¯, θ¯) = χα678 + θ¯
a
α˙∂
αα˙φ¯a +
1
3!2
θ¯aα˙θ¯
b
β˙
ǫabcde∂
αα˙λ¯β˙cde +
1
3!2
θ¯aα˙θ¯
b
β˙
θ¯cγ˙ǫabcde∂
αα˙F¯ β˙γ˙de
+
1
4!
θ¯aα˙θ¯
b
β˙
θ¯cγ˙ θ¯
d
δ˙
ǫabcde∂
αα˙ψ¯β˙γ˙δ˙e +
1
5!
θ¯aα˙θ¯
b
β˙
θ¯cγ˙ θ¯
d
δ˙
θ¯eη˙ǫabcde∂
αα˙C¯ β˙γ˙δ˙η˙, (3.7)
where each component field is a function of y¯. The first Bianchi identity (2.8) tells us that
Wa has a component expansion of the form
Wa(y¯, θ, θ¯) =φa(y¯) + θ
α
aχα(y¯, θ¯) + c1θ¯
b
α˙ǫabcdeλ¯
α˙cde(y¯) + c2θ¯
b
α˙θ¯
c
β˙
ǫabcdeF¯
α˙β˙de(y¯)
+ c3θ¯
b
α˙θ¯
c
β˙
θ¯dγ˙ǫabcdeψ¯
α˙β˙γ˙e(y¯) + c4θ¯
b
α˙θ¯
c
β˙
θ¯dγ˙ θ¯
e
δ˙
ǫabcdeC¯
α˙β˙γ˙δ˙(y¯). (3.8)
The value c1 = 1/3! is determined by the third Bianchi identity, and the remaining coefficients
are fixed using the higher order D¯aα˙ identities. Thus we find the Wa superfield
Wa(y¯, θ, θ¯) =φa(y¯) + θ
α
aχα(y¯, θ¯) +
1
3!
θ¯bα˙ǫabcdeλ¯
α˙cde(y¯) +
1
2 · 2
θ¯bα˙θ¯
c
β˙
ǫabcdeF¯
α˙β˙de(y¯)
+
1
3!
θ¯bα˙θ¯
c
β˙
θ¯dγ˙ǫabcdeψ¯
α˙β˙γ˙e(y¯) +
1
4!
θ¯bα˙θ¯
c
β˙
θ¯dγ˙ θ¯
e
δ˙
ǫabcdeC¯
α˙β˙γ˙δ˙(y¯). (3.9)
The superfield W¯ a is the conjugate and the 4-loop superspace invariant is then
SL=4N=5 = κ
6
∫
d4xd10θd10θ¯ (WaW¯
a)3 (3.10)
as displayed schematically in (3.4).
4 Duality Symmetry Action on Scalars and Vectors
Full non-linear duality symmetry G in N ≥ 5 supergravity acts on scalars and vectors. The
number of vectors AΛµ with Λ = 1, · · · , nv where nv = 10, 16, 28 for G : SU(1, 5), SO
∗(12), E7(7)
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in N = 5, 6, 8, respectively. Gravitons are neutral, fermions transform under the compensat-
ing SU(N ) symmetry which has to be combined with duality so that the choice of the local
SU(N ) symmetry is preserved, [15], [16], [24].
The vector-scalar part of the classical action is given in the form S =
∫
−iF+NF++ c.c.
The vector moduli space metricN depends on scalars Y which are inhomogeneous coordinates
of the GH coset space, for example
E7(7)
SU(8) coset space in N = 8 case and N = −i
1+Y †
1−Y † ,
Y = B tanh
√
B†B√
B†B
, Bij,kl = −
1
2
√
2
κϕijkl. Here ϕ is a canonically normalized field. The Y fields
transform as follows under full non-linear duality symmetry, in absence of fermions [24]
δY = Σ+ Y Λ¯− ΛY − Y Σ¯Y. (4.1)
The vectors also transform:
δF+ = [(Λ− Λ¯Y †) + (ΣY † − Σ¯)]
1
1 − Y †
F+. (4.2)
Here Λ are parameters of the H transformations (e. g. 63 SU(8) transformations in N = 8)
and Σ are orthogonal symmetries that extend H to G (e. g. 70 transformations in N = 8).
The G group element is E−1 =
(
1 + Λ −Σ
−Σ¯ 1 + Λ¯
)
. One would expect that for the asymptotic
fields the symmetry following from (4.1), (4.2) is
δφ = Σ+ φΛ¯− Λφ δF+ = (Λ− Σ¯)F+. (4.3)
However, one finds that, in fact, the term δF+ = −Σ¯F+ is inconsistent with the linearized
SU(N ) global symmetry, it beaks it to SO(N ). But since SU(N ) symmetry is a necessary
condition for the asymptotic supersymmetry of the physical states it means that the Σ part
of duality symmetry which is orthogonal to SU(N ) is spontaneously broken. The scalars
undergo the shift, as well as an SU(N ) transformations, but the asymptotic vectors do not
transform under Σ symmetry, only under SU(N ). Thus the immediate consequence of duality
on S-matrix is an Adler zero due to (4.3), the part which says that δφ = Σ. But asymptotic
vectors transform only on SU(N ).
For N = 6, 5 the scalars are a truncated version of N = 8 scalars, and Σ are symmetries
associated with the truncated version of the E7(7) coset. It means that for 70 N = 8 there
are 70 components of Σ, for 30 scalars of N = 6 there are 30 components of Σ, for 10 scalars
of N = 5 there are 10 components of Σ. In all cases, the asymptotic duality symmetry on
scalars consists of the linear SU(N ) and the shift
δφ(x) = Σ δφ¯(x) = Σ¯. (4.4)
For linearized superfields describing the asymptotic states of supergravity it means that the
superinvariants consistent with asymptotic duality have to satisfy an additional symmetry.
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Under the constant, x and θ, θ¯ independent shifts of the zero dimension superfields the su-
perinvariant has to be invariant under
δW (x, θ, θ¯) = Σ. (4.5)
Note that all higher components of the on-shell supergravity superfields are contracted with
θi and θ¯
i and transform only under SU(N ) symmetry. This explains why duality symmetry
acting on a scalar superfield involves a θ, θ¯-independent shift.
This means that only dimension zero superfields are affected by the Σ-part of duality.
All other superfields always have scalars covered by derivatives, and are invariant under
asymptotic duality.
Thus our 6-point superinvariants at L = N − 1 have the following symbolic form
κ2(N−2)
∫
d4N θd4xW 6 (4.6)
with details in (3.2), (3.3), (3.4). Under duality we find that the superinvariant transforms,
in the symbolic form
κ2(N−2)
∫
d4N θd4x δW 6 ∼ κ2(N−2)Σ
∫
d4N θd4xW 5 (4.7)
and it means that it breaks duality, so the SSL is non-vanishing. In more detail we find that
κ2(N−2)δ
∫
d4N θd4xTr
(
(WW¯ )3
)
= 3κ2(N−2)
∫
d4N θd4xTr
(
(ΣW¯ +W Σ¯)(WW¯ )2
)
, (4.8)
κ2(N−2)δ
∫
d4N θd4x(TrWW¯ )3 = 3κ2(N−2)
∫
d4N θd4x
(
Tr(ΣW¯ +W Σ¯)(TrWW¯ )2
)
. (4.9)
The superspace integral of 5 superfields does not vanish
κ2(N−2)Σ
∫
d4N θd4xW 5(x, θ, θ¯) 6= 0. (4.10)
This is in the contrast with 4-point amplitudes in (2.11), (2.12) where
δ(CTNL=3) = κ
4Σ
∫
d4x d2N θW 3(x, θ, θ¯) = 0. (4.11)
since for all massless fields any 3-point vertex vanishes by the momentum conservation.
Thus, all our 6-point superinvariants in (3.2), (3.3), (3.4) break asymptotic duality.
Namely, amplitudes containing scalars have a non-vanishing SSL.
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5 Superamplitudes for N = 5, 6, 8 supergravity
The superamplitude approach to N = 8 is well known [11, 13]. An n-particle NkMHV super-
amplitude is a generating function from which all amplitudes related by supersymmetry in a
given n-particle NkMHV family can be obtained by differentiation with respect to Grassmann
valued bookkeeping variables ηia, i = 1, . . . , n, a = 1, . . . , 8. A succinct recipe was given in
[25] to obtain superamplitudes for N < 8 from those for N = 8 by supressing ηia variables
with SU(N ) indices in the range a = N + 1,N + 2, . . . , 8. Alternatively, one can deal with
directly with N < 8 and apply the method of Secs. 3.1 and 3.3 of [26] to construct the
superamplitude as an expansion in terms of basis amplitude for component particles.
Superamplitudes3 are constructed from 2-component spinors |i〉, |i] that encode place-
ment within the amplitude and their momenta pi = −|i〉[i| − |i]〈i|. The angle and square
spinors are the momentum space wave functions of free Weyl fermions and therefore have
mass dimension 1/2. Amplitudes and superamplitudes that correspond to candidate countert-
erms must be local functions, that is polynomials, in the Lorentz invariant brackets 〈ij〉, [kl].
Locality plays a basic role in determining the structure and consistency of superampitudes.
Finally we note that NkMHV superamplitudes in N -extended supergravity are polynomials
of order (k + 2)N in the bookkeeping variables ηia. Component amplitudes are projected
by applying an order (k + 2)N derivative Grassmann derivative (as we discuss for N = 5
supergravity in Sec 5.2 below.)
5.1 4-point MHV superamplitudes
MHV superamplitudes are the simplest; they require the basic SUSY invariant
δ(N )(Q˜) =
1
2N
N∏
a=1
n∑
i=1
〈ij〉ηiaηja, (5.1)
and take the form4
CN ,nMHV =
cn
〈12〉N
δ(2N )(Q˜). (5.2)
The constant cn is the n-graviton amplitude, usually denoted by 〈−−++· · ·+〉 in the ordering
convention that states of the -ve helicity multiplet must appear in positions 1 and 2. To see
this, one simply applies the appropriate Grassmann derivative:
5∏
a=1
∂2
∂η1a∂η2a
CMHV,n = cn ≡ 〈− −++ · · ·+〉 . (5.3)
3We use the conventions of the book [27].
4The factor δ(4)(
∑
i
pi) which expresses momentum conservation is omitted in all superamplitudes discussed
in this paper.
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Following [28, 29], the 4-point L = 3 case, commonly called the R4 superamplitude, can be
written for all N ≥ 5 as
CN ,4MHV = δ
(N )(Q˜)
[34]4
〈12〉N−4
, (5.4)
〈− −++〉 = 〈12〉4[34]4. (5.5)
At loop level L = 4 we are interested in ∂2R4, and an important difference between N = 8
and N < 8 emerges. The N = 8 theory contains a single CPT self-conjugate multiplet, so
derivatives are taken symmetrically on all 4 lines. The superamplitude and graviton amplitude
then acquire the factor s+ t+u and thus vanish on-shell. For N < 8 the -ve and +ve helicity
states are in different supermultiplets, and one has separate permutation symmetry under
1↔ 2 and 3↔ 4 exchanges5. The superamplitude is then
CN ,4MHV = δ
(N )(Q˜)s
[34]4
〈12〉N−4
, (5.6)
〈− −++〉 = s〈12〉4[34]4. (5.7)
5.2 NMHV 6-point amplitudes for N = 5 SG
As explained at the beginning of Sec. 3, there are 5-point local super-invariants at loop level
L = N and beyond, and the same is true for superamplitudes. In both cases their SSL’s
vanish. We therefore proceed to the study of 6-point superamplitudes in this section. We will
derive an interesting L = 4 superamplitude with non-vanishing SSL.
We start by defining super wavefunctions Φ and Ψ for the +ve and -ve helicity multiplets
of the theory6:
Φ =h+ + ηaψ
a
+ +
1
2!
ηaηbv
ab
+ +
1
3!
ηaηbηcλ
abc
+ +
1
4!
ηaηbηcηdǫ
abcdeφe +
1
5!
ηaηbηcηdηeǫ
abcdeχ−,
(5.8)
Ψ =χ¯+ + ηaφ¯
a +
1
2!3!
ηaηbǫ
abcdeλcde− +
1
3!2!
ηaηbηcǫ
abcdev¯de− +
1
4!
ηaηbηcηdǫ
abcdeψ¯e−
+
1
5!
ηaηbηcηdηeǫ
abcdeh−. (5.9)
The η variables in the wave functions determine the derivatives used to project out the
corresponding particle state in a component amplitude. For a +ve helicity gravitino state,
one uses ∂/∂ηa ; for a -ve helicity photino λ
ab− one needs ∂2/∂ηa∂ηb , etc. Positive helicity
gravitons and singlet photinos require no derivatives.
NMHV superamplitudes depend on the invariants δ(N )(Q˜) and products of
mijk,a = [ij]ηka + [jk]ηia + [ki]ηia. (5.10)
5 For n > 4, invariance under permutations of the set 3, 4 . . . , n− 1, n is required.
6Note that the +ve (and -ve) helicity multiplets include singlet fermions χ− (and χ¯+) with reverse helicity.
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The general 6-point N = 5 NMHV superamplitude is a superposition of 6 products of the
basic invariants. This basis expansion was first obtained for N = 8 supergravity in [26]. In
Appendix A, we adapt the method to the N = 5 theory and start here with the result of that
construction:
M6 =c1X11111 + c2X(11112) + c3X(11122)
+ c4X(11222) + c5X(12222) + c6X22222, (5.11)
where Xijklm is given by
Xijklm =
δ(10)(Q˜)mi34,1mj34,2mk34,3ml34,4mm34,5
[34]5〈56〉5
. (5.12)
The (..) in (5.11) indicate symmetrized ordering of the indices 1,2, e.g X(11112) contains 5
terms and X(11122) contains 10. The coefficients ci are each 6-point amplitudes in the ordering
convention (used in the N = 8 literature) that negative helicity states are placed at positions
1,5,6. To see this just apply the appropriate derivatives to obtain
M6 =〈−+++−−〉X11111 + 〈ψ
1234
− ψ
5
− ++−−〉X(11112) + 〈v
123
− v
45
+ ++−−〉X(11122)
+ 〈λ12− λ
345
+ ++−−〉X(11222) + 〈φ¯
1φ2345 ++−−〉X(12222) + 〈χ+χ− ++−−〉X22222.
(5.13)
To summarize, the 6-point NMHV superamplitude is determined by only six basis matrix
elements. This construction is valid for N = 5 supergravity, independent of loop order.
5.3 N = 5 L = 4 six-point superamplitude
The only properties used to construct this basis are N = 5 supersymmetry and its Ward
identities plus SU(5) R-symmetry. The basis amplitudes might describe any realization of
these properties. For example, they might describe the 6-point NMHV tree level amplitudes
calculated using BCFW recursion relations; in this case they would have non-local pole terms.
In our application to candidate counterterms, they must be local, that is polynomials in the
〈ij〉, [kl] brackets of total mass dimension fixed by the particular loop order under study.
Locality, dimensions, helicity weights, and identical particle symmetries provide very strong
contraints on these polynomials. They tell us that certain basis amplitudes vanish and the
others are determined up to a small number of constant parameters. In the case L = 4
the total dimension is 10, so the total number of angle and square spinors is
∑
i(ai + si) =
20. The helicity weight constraint requires that for each of the 6 particles the difference
(ai − si) = −2hi, where hi is the helicity. The bose symmetry constraint requires that the
basis amplitudes are invariant under the exchange 3 ↔ 4 of spinors (and momenta) and the
same for 5↔ 6.
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Let’s apply these constraints to the basis matrix elements in (5.13). For 〈− +++−−〉,
the helicity weight tally is |1〉4, |2]4, |3]4, |4]4, |5〉4, |6〉4. Thus the minimal number of spinors
needed to describe the 6-graviton amplitude is 24. The total mass dimension, namely 12,
exceeds ∆ = 10, so this matrix element vanishes. A similar argument shows that the gravitino
basis amplitude 〈ψ1234− ψ5− + + − −〉 also vanishes. The vector amplitude is more subtle.
Its spinor count is |1〉2, |2]2, |3]4, |4]4, |5〉4, |6〉4 which is allowed by the ∆ = 10 constraint.
However, the unique coupling of these spinors is
〈v−v+ ++−−〉 = c1〈15〉〈16〉〈56〉3 [23][24][34]3 , (5.14)
and this is odd rather than even under the exchanges 3 ↔ 4 and 5↔ 6. So the vector basis
element must also vanish.
Next is the λ basis amplitude. Its helicity weights sum to dimension 9, so one has to
include a momentum p in the ansatz for the matrix element:
〈λ−λ+ ++−−〉 = 〈1|p|2][34]4〈56〉4, p = c2(p3 + p4). (5.15)
This form is unique, since other possibilities can be eliminated using the Schouten identity.
The momentum must be invariant under the exchanges. Using momentum conservation, we
can adopt p = c2(p3 + p4) where c2 is a constant. The same argument applies to the singlet
χ basis element, so we can write
〈χ+χ− ++−−〉 = [1|q|2〉[34]4〈56〉4, q = b(p3 + p4) . (5.16)
Finally we must specify the scalar basis element. After elimination of other forms using
Schouten, we arrive at the ansatz
〈φ¯1φ2345 ++−−〉 = s1[34]
4〈56〉4, (5.17)
where s1 is a quadratic invariant which must be even under exchanges. At this point there
are several possibilities, such as s1 = cp1 · (p5 + p6) + c
′p3 · p4, so we keep an open mind.
This concludes the first phase of the analysis. We have found local expressions for the
surviving 3 basis amplitudes consistent with the constraints discussed above. So the basis
expansion reduces to
M6 = 〈λ−λ+ ++−−〉X(11222) + 〈φ¯φ++−−〉X(12222) + 〈χ+χ− ++−−〉X22222. (5.18)
For full consistency all amplitudes obtained by applying independent 15th order products
of ηia derivatives to (5.18) must be local. To begin this process we study permuted basis
elements. The allowed permutations of position must respect the ordering convention that
positve helicity particles appear at positions 2,3,4. The permuted basis element obtained
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from the basis expansion must be local and reproduce the permutation of the original form.
Let’s examine the permutation
〈λ12− ++λ
345
+ −−〉 = ∂11∂12∂43 · · · ∂45∂51 · · · ∂55∂61 · · · ∂65M6. (5.19)
Only the unpermuted λ basis element has non-vanishing 15th derivative leaving
〈λ12− ++λ
345
+ −−〉 =
[23]3
[34]3
〈λ12− λ
345
+ ++−−〉
=− c2〈1|(p5 + p6)|2][34][23]
3〈56〉4. (5.20)
In the last step, we used momentum conservation. The result is local, but we need more; the
permutation 2↔ 4 should give the amplitude
〈λ12− ++λ
345
+ −−〉 = −c2〈1|p5 + p6|4][23]
4〈56〉4. (5.21)
The difference between (5.21) and (5.20) should vanish, so we form the difference, extract
common factors and find
−c2〈1|p5 + p6|4][23]
4〈56〉4 + c2〈1|(p5 + p6)|2][34][23]
3〈56〉4
= −c2[23]
3〈56〉4〈1|(5 + 6)
(
|4][23] − |2][34]
)
, (5.22)
which vanishes only if c2 = 0. So the basis reduces to two terms!
To consider permuted scalar matrix elements, we use the (temporary) notation A1k =
a1k[34]
4〈56〉4 for the three cases with φ¯5 at position 1 and φ2345 at positions k = 2, 3, 4.
Applying the appropriate derivatives toM6 we learn that only the scalar channel contributes,
and that a12 = a13 = a14. Similarly, we write Aj2 = aj2[34]
4〈56〉4 for the cases where φ2345
is at position 2 and φ¯5 is at positions j = 1, 5, 6. We then derive a12 = a52 = a62. Thus the
quadratic invariant s in (5.17) must be invariant under permutations of p2, p3, p4 and p1, p5, p6.
Thus, the locality and consistent permutation properties lead to s = −a(p1 + p5 + p6) · (p2 +
p3 + p4) = a(p1 + p5 + p6)
2 = a(p2 + p3 + p4)
2. The double permutation 〈−++φ2345φ¯1−〉 is
also consistent.
Next, we consider the singlet fermion permutation. The permuted amplitude can be
calculated as
〈χ+ ++χ− −−〉 =∂41 · · · ∂45∂51 · · · ∂55∂61 · · · ∂65M6
=
〈56〉4[23]4
[34]
(5s[13] + [23][1|q|2〉). (5.23)
Note that the factor 5 comes from X(12222). Let us take q = b(p3+p4) and s = a(p2+p3+p4)
2.
Note that since there is 1/[34] pole, we must eliminate it by choosing c3 and c4 properly. The
pole can be removed if we assume 5a = −b. Then, we find that
5[13]s + [23][1|q|2〉 = −5a[34][1|(p2 + p3)|4〉. (5.24)
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Thus, we obtain
〈χ+ ++χ− −−〉 = −5a[1|(p2 + p3)|4〉[23]4〈56〉4. (5.25)
This is a consistent permuted amplitude. We also checked the consistency of the 1 ↔ 6
permutation of the χ basis element. After spinor algebra needed to show that the initial
1/〈56〉 pole cancels we find
〈−χ− ++− χ+〉 =5a[6|(p3 + p4)|2〉[34]4〈15〉4. (5.26)
Comparison with (5.25) reveals a small subtlety. The two forms are properly related by the
permutation 1↔ 6 including the - sign from fermion exchange.
We summarize the result:
M6 = 〈φ¯φ++−−〉X(12222) + 〈χ+χ− ++−−〉X22222, (5.27)
where
〈φ¯φ++−−〉 = a(p1 + p5 + p6)
2[34]4〈56〉4, (5.28)
〈χ+χ− ++−−〉 = −5a[1|(p3 + p4)|2〉[34]4〈56〉4, (5.29)
and
Xijklm =
δ(10)(Q˜)mi34,1mj34,2mk34,3ml34,4mm34,5
[34]5〈56〉5
, (5.30)
where mi34,a = [i3]η4a + [34]ηia + [4i]η3a. We believe that this superamplitude corresponds
to the 6-point superspace invariant (3.10). The superamplitude and superspace formalisms
look rather different, but they are both based on the same principles of linearized N = 5
supersymmetry. The advantage of superspace is compactness; the advantage of superampli-
tudes is the explicit algorithm (via 15th order η-derivatives) provided for the computation of
component S-matrix elements. We proceed under the assumption that they carry the same
physics.
The main motivation for our work is the question of the soft limit of S-matrix elements
containing scalar particles obtained from (3.4). The corresponding S-matrix elements shown
in eqs. (3.5), (3.6) have non-vanishing SSL. The general reason for this was explained in Sec.
4, as a property of the dimensionless superfields to shift under asymptotic duality.
Here we can consider the same question for amplitudes projected from (5.27). We examine
the scalar basis element (5.31) together with two amplitudes:
〈φ¯φ++−−〉 =a(p1 + p5 + p6)
2[34]4〈56〉4, (5.31)
〈φ¯φφφφ¯φ¯〉 =as5, (5.32)
〈χ+ + ψ
1
+φ
2345 −−〉 =a〈56〉4[23]3(s[12]− 5[24][1|(p2 + p3)|4〉), (5.33)
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with s = (p2+p3+p4)
2. One sees immediately that their single soft limits do not vanish. The
last result shows that gravitinos are present in the spectrum, although absent in the basis
(5.27). The same feature for vectors can be seen from
〈χ+ + λ
123
+ v
45
+ −−〉 = a〈56〉
4[24]2[23](3s[12] − 5[24][1|(p2 + p3)|4〉). (5.34)
In the last two examples, the initial expression obtained from their Grassmann deriva-
tives applied to (5.27) contained a 1/[34] pole, and spinor manipulations using Schouten and
momentum conservation were used to show that it cancels.
5.4 All 6-point L = 4 N = 5 amplitudes are local
As we stated below (5.18), complete consistency requires that all amplitudes computed from
(5.27) are local. Explicit computation of all amplitudes is an impractical task7, so a general
proof of locality, independent of explicit amplitudes, is desirable. In this section we provide a
proof. The key idea (see Sec. 2.3 of [11]) is that any superamplitude whose basis amplitudes
are local and behave consistently under permutation produces local matrix elements for all
processes if it has full permutation symmetry. For the 6-point NMHV superamplitude (5.13),
full permutation symmetry means that the superamplitude is invariant under the separate
S(3) groups of permutations of position of its +ve and -ve helicity states, i.e for 234 and 156.
To explain this further, we rewrite (5.27) as
M6 =
aδ10(Q˜)
[34]〈56〉
[
(p2 + p3 + p4)
2Y(12222) − 5[1|p3 + p4|2〉Y22222
]
(5.35)
Yijklm = mi34,1mj34,2mk34,3ml34,4mm34,5 (5.36)
mi34,a =[i3]η4a + [34]ηia + [4i]η3a. (5.37)
By inspection we see two things:
i. There is evident symmetry under 3 ↔ 4 and 5 ↔ 6, but full symmetry in 234 and 156 is
not manifest,
ii. The only possible singularities are first order poles 1/[34] and 1/〈56〉.
The point is that these singularities are artificial and have essentially no relation to the
physics. With reference to the discussion of the basis expansion in Appendix A, we see that
those factors arose because two lines, namely 5, 6, were chosen to exploit Q˜a supersymmetry
and two more, namely 3, 4, were needed to enforce Qa supersymmetry.
A physically equivalent representation of the superamplitude, let’s call it M˜6, can be
derived by choosing any distinct pair of lines q, r for Q˜a SUSY and a different pair s, t for Q
a
SUSY. Of course we would need permuted basis amplitudes (and Y -polynomials) appropriate
7A rough estimate of the total number of independent amplitudes is 200; there were already 51 amplitudes
in the simpler N = 8, L = 3 R4 invariant [30].
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to the new choices. Then matrix elements derived from M˜6 have possible singular factors
1/[st] and 1/〈qr〉 rather than 1/[34] or 1/〈56〉.
Suppose that we could prove thatM6 = M˜6, by which we mean that all matrix elements
obtained from the first agree with those obtained from the second. Then we would know that
the singular factors 1/[34] and 1/〈56〉 are absent in all physical amplitudes. Actually, since
the basis elements uniquely determine the full superamplitude, it is sufficient to check that
the permuted basis amplitudes of M˜6 are produced by acting on M6 with the Grassmann
differential operators for the permutation. However, this is something we already did when
we verified the consistency of permuted basis elements in the previous section. There we
worked out all perturbations of the scalar basis element and the 2↔ 4 and 1↔ 6 exchanges
of the singlet fermion element. Together with the manifest 34 and 56 symmetries of (5.37),
this gives sufficient information to conclude that full permutation symmetry obtains.
5.5 No L = 3, N = 5 local six-point amplitude
In this section we show that a local L = 3 analogue of the previous 6-point NMHV invariant
does not exist. We can use the general formula (5.13), noting that each basis amplitude must
be local and have dimension 8. Then, simply from dimension counting, one finds immediately
that the only basis element permitted is
〈φ¯φ++−−〉 = a[34]4〈56〉4. (5.38)
The six-point superamplitude then has the single term
M6 = a [34]
4〈56〉4X(12222). (5.39)
However, it is easy to show that this form is inconsistent. Dimensional analysis does not
allow a local form for 〈χ+χ− + + − −〉, so this basis amplitude vanishes. For consistency
we must require that permutations also vanish. So we consider the permuted amplitude
〈χ+ + +χ− − −〉 and compute it by applying the appropriate η derivative to the candidate
superamplitude (5.39):
〈χ+ ++χ− −−〉 = ∂41 · · · ∂46∂51 · · · ∂56∂61 · · · ∂66M6 =
a[13][23]4〈56〉4
[34]
. (5.40)
Consistency requires
a = 0.
One can also show that the amplitude 〈χ+ + λ
123
+ v
45
+ − −〉 is non-local unless a = 0. The
conclusion is that there is no 6-point local counter term for N = 5, L = 3.
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5.6 N = 6 NMHV superamplitude
States of +ve helicity multiplet of N = 6 supergravity span the range between the helicity 2
graviton and a helicity -1 singlet vector. These states and their -ve helicity counterparts are
joined in the following super wave functions:
Φ =h+ + ηaψ
a
+ +
1
2!
ηaηbv
ab
+ +
1
3!
ηaηbηcλ
abc
+ +
1
2!4!
ηaηbηcηdǫ
abcdefφef
+
1
5!
ηaηbηcηdηeǫ
abcdefχf− +
1
6!
ηaηbηcηdηeηf v¯78−, (5.41)
Ψ =v78+ + ηaχ¯
a
+ +
1
2
ηaηbφ¯
ab +
1
3!3!
ηaηbηcǫ
abcdef λ¯def− +
1
4!2!
ηaηbηcηdǫ
abcdef v¯ef−
+
1
5!
ηaηbηcηdηeǫ
abcdef ψ¯f− +
1
6!
ηaηbηcηdηeηf ǫ
abcdefh−. (5.42)
We consider the six-point NMHV amplitude, which is formally written as 〈ΨΦΦΦΨΨ〉.
The starting point of our analysis is the general basis expansion (which is similar but not
identical to (5.13)):
Mn =〈−+++−−〉X111111 + 〈ψ
12345
− ψ
6
+ ++−−〉X(111112) + 〈v
1234
− v
56
+ ++−−〉X(111122)
+ 〈λ123− λ
456
+ ++−−〉X(111222) + 〈φ¯
12φ3456 ++−−〉X(112222)
+ 〈χ1+χ
23456
− ++−−〉X(122222) + 〈v
78
+ v¯78− ++−−〉X222222, (5.43)
where
Xijklmn =
δ(12)(Q˜)mi34,1mj34,2mk34,3ml34,4mm34,5mn34,6
[34]6〈56〉6
, (5.44)
and mi34,a = [i3]η4a + [34]ηia + [4i]η3a.
5.7 No L = 3, 4 local six-point superamplitudes
The mass dimension of the basis amplitudes is 2(L+ 1) = 10 (independent of N ), so we can
take over the results from the N = 5 section that there are only three possible nonzero basis
amplitudes. These take the form:
〈λ123− λ
456
+ ++−−〉 = a〈1|(p3 + p4)|2][34]
4〈56〉4, (5.45)
〈φ¯12φ3456 ++−−〉 = s[34]4〈56〉4, (5.46)
〈χ1+χ
23456
− ++−−〉 = b[1|(p3 + p4)|2〉[34]
4〈56〉4, (5.47)
where a and b are undetermined constants and S is a momentum square that is symmetric
under 3↔ 4 and 5↔ 6. The discussion of the permuted λ and scalar basis amplitudes is the
same as for N = 5, so again we find that a = 0 and s = c(p1 + p5 + p6)
2.
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Next we consider the permuted χ basis element,
〈χ1+ ++χ
23456
− −−〉 =∂11∂42 · · · ∂46∂51 · · · ∂56∂61 · · · ∂66M6
=
[23]4〈56〉4
[34]
(b[1|(p3 + p4)|2〉[23] + 5S[13]). (5.48)
The factor 5 comes from symmetrization in X(112222). As in the N = 5 case, we can remove
the 1/[34]-pole by choosing
− b = 5c. (5.49)
Then, we find
〈χ1+ ++χ
23456
− −−〉 = b[1|p2 + p3|2〉[23]
4〈56〉4. (5.50)
This has the correct permuted structure, so we seem to find a local N = 6, L = 4 six-point
counterterm.
However, there is one more important check to make. As in N = 5, locality, permutation
symmetry, and little group scaling require that the amplitude 〈v78+ + +v¯78− − −〉 vanishes.
Consistency requires that its permutations also vanish. So we consider
〈v78+ ++v¯78− −−〉 =∂41 · · · ∂46∂51 · · · ∂56∂61 · · · ∂66M6
=
15c[13][23]4〈56〉4
[34]2
(
(p2 − p3 − p4)
2[13] + [14]〈42〉[23]
)
. (5.51)
This amplitude vanishes if and only if c = 0. Therefore, all amplitudes vanish!
A similar argument rules out L = 3 six-point superamplitude. Therefore, we conclude
that there is no local six-point superamplitudes in N = 6 supergravity at loop levels L = 3, 4.
There is nothing to cancel the expected non-vanishing soft limits of the supersymmetric
completion of the 4-point MHV candidate counterterms, so these candidates are ruled out
and we predict ultraviolet finiteness.
6 Summary
The main new ingredients in our work were 6-point full superspace invariants constructed
from constrained dimensionless superfieldsW (x, θ, θ¯) and the corresponding superamplitudes.
These invariants can be constructed beginning at loop level L = N−1. The scalar amplitudes
obtained from them have non-vanishing soft scalar limits. The N = 5, 6, 8 supergravities all
have 4-point invariants whose nonlinear completions also have 6-point amplitudes with non-
vanishing SSL’s. The non-vanishing property was established for N = 8 supergravity by
[12, 13], and it is reasonable to assume that it is present for N = 5, 6 as well. The scalar fields
of N = 5, 6, 8 supergravities are Goldstone bosons of G/H cosets, so that vanishing SSL’s are
required.
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A UV divergence in a 4-point amplitude would require the addition of a 4-point invariant
to the Lagrangian, and the ensuing non-vanishing SSL’s must be cancelled. For L < N − 1 a
UV divergence in 4-point amplitudes can be ruled out because there is no 6-point invariant
available to cancel the SSL’s. But at loop order L = N − 1, cancellation may occur and we
cannot draw a firm conclusion from the SSL argument.
With this strategy we confirm in N = 8 supergravity the results of [12, 13] that the SSL
argument based on E7(7) symmetry implies UV finiteness for L < 7 but not beyond. For the
N = 6 model, our results show that the SSL argument to SO∗(12) symmetry requires UV
finiteness for L = 3, 4, but not for L = 5. UV finiteness at L = 3, 4 is thus a prediction.
For N = 5 model we found that the single soft scalar limit due to SU(1, 5) symmetry does
not necessarily require the L = 4 UV finiteness, but does require it for L < 4. Specifically
for L = 3, this provides the first known explanation of the 3-loop part of the computation in
[14]. But since N = 5, L = N − 1 = 4 was also found to be UV finite in [14], a new study is
required to explain this computation and the cancellation of the corresponding 82 diagrams.
Our results follow from two independent investigations, one via superspace invariants,
the other by superamplitude methods. It is gratifying that all information obtained from
these independent techniques agrees perfectly.
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A NMHV basis expansion for N = 5 superamplitudes
This construction follows [26] closely. The NMHV superamplitude is a 15th order polynomial
in its bookkeeping variables ηia, so we start with the generic form
MNMHVn = P5δ
(10)(Q˜a), (A.1)
with
P5 =
n∑
i,j,k,l,m=1
qijklmηi1ηj2ηk3ηl4ηm5, (A.2)
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where qijklm is a function of momentum spinors. P5 is manifestly invariant under Q˜, and we
will require Q-invariance later to determine the qijklm. Note that
Q˜a =
∑
i
|i〉ηia, Q
a =
∑
i
[i|
∂
∂ηia
,
δ(10)(Q˜a) =
1
25
5∏
a=1
∑
i,j
〈ij〉ηiaηja, δ
(10)(Qa) =
1
25
5∏
a=1
∑
i,j
[ij]
∂2
∂ηia∂ηja
. (A.3)
The first step is to factor the δ-function, writing
δ(10)
(
n∑
i=1
|i〉ηia
)
=
1
〈n− 1, n〉5
δ(5)
(
n∑
i=1
〈n− 1, i〉ηia
)
δ(5)

 n∑
j=1
〈n, j〉ηja

 . (A.4)
The δ(5)’s provide two constraints, which we solve for ηna and ηn−1,a:
ηn−1,a = −
n−2∑
i=1
〈ni〉
〈n, n− 1〉
ηia, ηna = −
n−2∑
i=1
〈n− 1, i〉
〈n− 1, n〉
ηia. (A.5)
Since the anzatz (A.1) is proportional to the δ-function, we can use these expressions to
simplify P5, which reduces to
P5 =
1
〈n− 1, n〉5
n−2∑
i,j,k,l,m=1
cijklmηi1ηj2ηk3ηl4ηm5. (A.6)
Although cijklm is related to qijklm, we do not need the explicit relation. SU(5) R-symmetry
requires that the cijklm are totally symmetric in thier indices.
Next we need to constrain cijklm so that P5 becomes Q-invariant. The condition Q
aP5 = 0
reads,
0 =
n−2∑
i,j,k,l,m=1
[ǫi]cijklmηj2ηk3ηl4ηm5 =
n−2∑
j,k,l,m=1
[
n−2∑
i=1
[ǫi]cijklm
]
ηj2ηk3ηl4ηm5, (A.7)
which leads to
n−2∑
i=1
[ǫi]cijklm = 0. (A.8)
We choose two fixed lines i = s and i = t and take ǫ = s or ǫ = t. Then, we find
ctjklm = −
∑
i 6=s,t
[si]
[st]
cijklm, csjklm = −
∑
i 6=s,t
[ti]
[ts]
cijklm. (A.9)
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We use this information to eliminate csjklm and ctjklm in (A.6), obtaining
〈n− 1, n〉5P5 =
n−2∑
j,k,l,m=1
n−2∑
i 6=s,t
cijklm
(
ηi1 +
[is]
[st]
ηt1 +
[it]
[st]
ηs1
)
ηj2ηk3ηl4ηm5
=
1
[st]
n−2∑
j,k,l,m=1
n−2∑
i 6=s,t
cijklmmist,1ηj2ηk3ηl4ηm5. (A.10)
Repeating this process for cisklm and citklm etc., we find
P5 =
1
〈n − 1, n〉5[st]5
∑
i,j,k,l,m
ci,j,k,l,mmist,1mjst,2mkst,3mlst,4mmst,5. (A.11)
Thus, the NMHV n-point superamplitude is written as
MNMHVn =
n−2∑
i,j,k,l,m6=s,t
cijklmXijklm, (A.12)
with
Xijklm =
δ(10)(Q˜a)mist,1mjst,2mkst,3mlst,4mmst,5
[st]5〈n− 1, n〉5
, (A.13)
mist,a =[st]ηia + [ti]ηsa + [is]ηta. (A.14)
By taking s = n− 3, t = n− 2, we can rewrite the superamplitude as
MNMHVn =
∑
1≤i≤j≤k≤l≤m≤n−4
cijklmX(ijklm), X(ijklm) =
∑
P (i,j,k,l,m)
Xijklm. (A.15)
Symmetry of the cijklm has been used to order the indices, so that P (i, j, k, l,m) includes all
distinct arrangements for each fixed set (i, j, k, l,m).
Note that only c11111, c11112, . . . c22222 are left in the game. We now show that these
coefficients are related to specific physical amplitudes of the basis. To simplify the discussion,
we restrict to the 6-particle superamplitude and we choose s, t = 3, 4. First we apply the
10th order Grassmann derivative ∂i,1∂i,2∂i,3∂i,4∂i,5 for i = n, n− 1. This produces the factor
〈n, n − 1〉5 which cancels the factor in the denominator of (A.13). Physically speaking, we
have placed two -ve helicity gravitons at lines 5, 6.
There remains the 5th order product of mi34,a. We then apply the 5th order derivative
∂i1∂j2∂k3∂l4∂m5 with the restriction i, j, k, l,m 6= 3, 4. The restriction means that we have
placed +ve helicity gravitons at lines 3,4, and we also cancel the 1/[34]5 factor in (A.13).
There remain 6 choices of i, j, k, l,m, namely 11111 which produces a -ve helicity graviton
at line 1 and leaves its +ve helicity anti-particle at line 2; then 11112 which produces a -ve
helicity gravitino at line 1 and its anti-particle at line 2; and so on until the last case 22222
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which corresponds to a +ve helicity singlet fermion at line 1 and its -ve helicity antiparticle
at line 2. In this way we arrive at the final expression for the superampliude:
M6 =〈−+++−−〉X11111 + 〈ψ
1234
− ψ
5
− ++−−〉X(11112) + 〈v
123
− v
45
+ ++−−〉X(11122)
+ 〈λ12− λ
345
+ ++−−〉X(11222) + 〈φ¯
1φ2345 ++−−〉X(12222) + 〈χ+χ− ++−−〉X22222.
(A.16)
With the choices made in this derivation, that particle states from the +ve helicity wave
function Φ are always at positions 2, 3, 4, while states from the -ve helicity wave function
Ψ are at positions 1, 5, 6. In Sec. 5.4 of the text we show that superamplitude MNMHV6
actually has full permutation symmetry in 1, 5, 6 and 2, 3, 4. The non-manifest 1 ↔ 6 and
2 ↔ 4 exchange symmetries are exhibited via different but physically equivalent choices of
the lines n, n− 1 and 3, 4.
B Examples of matrix elements of N = 5, L = 4 six-point superamplitude
In this section, we show some example of matrix elements in (5.27). First, we show two cases:
〈χ+ + λ
123
+ v
45
+ −−〉 =a〈56〉
4[24]2[23](3s[12] − 5[24][1|(p2 + p3)|4〉), (B.1)
〈χ+ + ψ
1
+φ
2345 −−〉 =a〈56〉4[23]3(s[12] − 5[24][1|(p2 + p3)|4〉), (B.2)
with s = (p2+p3+p4)
2. In both examples, the initial expression contained a 1/[34] pole, and
spinor manipulations using Schouten and momentum conservation were used to show that
it cancels. The result shows that graviphotons and gravitinos are present in the spectrum,
although absent in the basis.
There are other examples with an initial 1/〈56〉 pole which then cancels. One of them is
the permuted basis amplitude
〈−χ− ++− χ+〉 =5a[6|(p3 + p4)|2〉[34]4〈15〉4. (B.3)
Comparison with (5.29) reveals a small subtlety. The two forms are properly related by the
permutation 1↔ 6 including the - sign from fermion exchange. Another case is
We now consider two examples in which both basis amplitudes contribute with initial
doubled pole 1/[34]〈56〉. The first one contains 6 χ-fermions, 〈χ¯+χ−χ−χ−χ¯+χ¯+〉. This turns
out to vanish after further algebra.8 Indeed, we find
〈χ¯+χ−χ−χ−χ¯+χ¯+〉 = (∂234)1(∂234)2(∂234)3(∂234)4(∂234)5M6 ≡ A. (B.4)
8 It must vanish, since the only ansatz consistent with little group scaling and fermi statistics involves the
combination 〈12〉〈3|+ 〈23〉〈1|+ 〈31〉〈2| which vanishes due to Schouten.
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Tabulate:
(∂2∂3∂4)aδ
10(Q˜)m134,b = δab
(
〈23〉[13] − 〈24〉[41]
)
(B.5)
= δab[1|p3 + p4|2〉. (B.6)
(∂2∂3∂4)aδ
10(Q˜)m234,b = δab
(
〈34〉[34] + 〈23〉[23] + 〈42〉[42]
)
. (B.7)
Then:
A =
5a
[34]〈56〉
(
〈34〉[34] + 〈23〉[23] + 〈42〉[42]
)4
×(
(p2 + p3 + p4)
2[1|p3 + p4|2〉 − [1|p3 + p4|2〉{(〈34〉[34] + 〈23〉[23] + 〈42〉[42]}
)
.
The first term in the last line is the contribution of the scalar basis element and the second
term is the contribution of the spinor basis element. They cancel since 2pj · pj = 〈ij〉[ij] and
pi = −|i]〈i| − |i〉[i|.
The second amplitude requires considerable manipulation before the simple final form
appears:
〈χ¯+χ−χ− + χ¯+−〉 = −5a([4|p2 + p3|6〉)4〈23〉[15]. (B.8)
The final example is the 6-scalaramplitude 〈φ¯1φ2345φ2345φ2345φ¯1φ¯1〉, which is of interest
for the SSL issue. We write
〈φ¯1φ2345φ2345φ2345φ¯1φ¯1〉 = (∂156)1(∂234)2(∂234)3(∂234)4(∂234)5M6 ≡ B. (B.9)
We calculate:
(∂1∂5∂6)aδ
10(Q˜)m134,b = δab[34]〈56〉 (∂1∂5∂6)aδ
10(Q˜)m234,b = 0. (B.10)
The second result means that only the scalar basis element contributes. Using the first relation
together with (B.7) we find
B = as(〈23〉[23] + 〈24〉[24] + 〈34〉[34])4 = as5, (B.11)
with s = (p2 + p3 + p4)
2.
We have computed more examples, for which we spare the reader. We hope that he/she
is convinced that we have performed with due diligence.
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